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KARRALI TUGUNLAR BO’YICHA INTERPOLYATSIYALASH

Xakimjonoa Sarvinoz

Javlonova Muhlisa

Amaliy matematika (sohalar bo yicha)
yo ‘nalishi 1-kurs magistratura talabalari
Farg ‘ona davlat universiteti

Kalit so'zlar: Lagranj interpolyatsion ko’pxadi, Teylor ko’pxadi, Ermit
formulasi. Hisoblash usullari amaliyotda uchraydigan masalalarni taqribiy yechish
bilan shug‘ullanadi. Ma’lumki, tabiiy fanlar hamda texnika fanlarida uchraydigan
ko‘pgina masalalar chizigsiz differensial tenglamalarga keltiriladi, ya’ni ularning
analitik yechimini topish nihoyatda murakkab masala, shu sababli tagribiy yechish
usullaridan foydalanish ko‘proq samara beradi. Hozirgi zamon matematikasi boshqa
tabiiy fanlar bilan birga yangi muammolarni hal gilmogda. Masalan, mexanikada
karrali integrallar yordamida og’irlik markazi, inersiya momentlari va boshqa
kattaliklari hisoblash osonroq bo’ladi.

KiroueBbie cioBa: kodpduuuent wunTepnonsuuu Jlarpanxka, pasiokeHue
Teiinopa, dopmyna Opmura.MeToasl pacuera HMEIOT JEI0 C MPUOIHKEHHBIM
peICHUCM 3a/ia4, BCTPCUHAIOMIMUXCS Ha IIPAKTHUKC. H?:BGCTHO, YTO MHOIum€ 3aagadu,
BCTPCUHAIOMHNECCA B CCTCCTBCHHBIX M TCXHHUYCCKHX HAYKaX, CBOIATCA K HEJIMHENHBIM
muddepeHnanbHbIM  YPAaBHEHUSIM, TO €CTh HAaWTH HMX aHAJUTUYECKOE peIleHUe
I-Ilf)GSBI:.I‘{aI\/IIHO CJIO)KHO, ITOOTOMY HCIIOJIb30BAHHC HpHGHI/I)KeHHBIX MCTOAOB PCIICHHA
Ooitee 3(1)(1)6KTI/IBHO. COBpeMeHHaSI MaTe€MaTuKa BMCCTC C APYIUMU CCTCCTBCHHBIMU
HayKaMH PCHIACT HOBBIC 3ada4H.

Key words: Lagrange interpolation coefficient, Taylor expansion, Hermite's
formula.Calculation methods deal with the approximate solution of problems
encountered in practice. It is known that many problems encountered in natural
sciences and technical sciences are reduced to nonlinear differential equations, that is,
finding their analytical solution is extremely difficult, so the use of approximate
solution methods is more effective. Modern mathematics, together with other natural
sciences, solves new problems. For example, in mechanics, it is easier to calculate the
center of gravity, moments of inertia and other quantities using multiple integrals.

Bu maqolada interpolyasion masalaning Ermit tomonidan ko rsatilgan quyidagi
umumlashgan holini ko rib chigamiz. . Faraz gilaylik, [a,b] oraliqda interpolyasiyaning
(m+ 1) ta har xil tugunlari berilgan bo’lIsin. Shu oraligda aniglangan funksiyani olaylik
va X = x (i= 0,m) nugtalarda f(x) ning hamda uning ketma-ket hosilalarining
giymatlari f (x), f (x),..., &% (x) (i= 0,m) berilgan bo’lsin. Bu erda a,, a, . ..
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, . mos ravishdagi tugunlarning karra ko rsatkichlari deyiladi, f(x) funksiya hagidagi
barcha dastlabki ma’lumotlarning sonini n+1 orqali belgilaymiz: a,+a,+ .....+a, =n+1.
Endi darajasi (n+1) dan ortmaydigan
HOx)=f"(x) (k=0,m;i=0,a -1 (1)
shartlarni ganoatlantiruvchi
H () =ax"+ax" +...+a, (2)

ko phadni quraylik. Bu shartlar a,(i = 0,n) noma’lumlarni topish uchun (n+ 1) ta
chizigli tenglamalar sistemasini beradi. Bu istema yechimining mavjudligi va
yagonaligini ko rsatish uchun
HP(x)=0 (k=0m;i=0,a-1) (3)
bir jinsli sistemaning faqat trival echimga ega ekanligini ko rsatish kifoyadir.
(3)sistema shuni ko rsatadiki x,,x,,.....x, tugunlar H_(x) ko'phad uchun mos ravishda

a,,a,.-.a lardan kichik bo’lmagan tartibli kaH_(x)ko'phad ildizlarining karra
ko'rsatkichlari yig'indisi a,+a,+...+a,=n+1ga teng yoki undan katta ildizlardir.

Darajasi n dan ortmaydigan va ildizlar karra ko'rsatgichlari yig’indisi n dan kata
bo'lgan H,(x) ko 'phad fagat aynan nolga teng bo'lishi kerak. Bundan esa uning barcha

a koeffisientlarining nolga tengligi va bir jinsli sistemaning fagat trivial echimga
egaligi kelib chigadi. Shunday qilib, (3) dagi f®(x,) giymatlarning ganday bo lishidan
gat’i nazar, qo'yilgan masala yagona echimga ega. H,(x) ko phadning (x,)tugunlar va
f@O(x.) qiymatlar orgali oshkor ko'rinishini determinantlar yordamida ifodalash

mumekin. Lekin bunday ifodaning tuzilishi juda murakkabdir. Shuning uchun bu yerda
ham Lagranj interpolyasion ko phadini tuzgandek, boshgacha yo'l tutamiz. Buning
uchun fundamental go'phadlar deb ataluvchi n-darajali Q, =(x) (i=0,m;j=0,a -1)

ko phadlarni, ya’ni
Q;=(%)=0Q;'=(x)=..=Q,* P (x) =0,k =i (4)
Q=(x)=Q;"= (%)== Q9 (x) = Q" (x) = Q4 (x) =0
Q" =(x;) =1 ()
(i=0,m;j=0,a -1
shartlarni ganoatlantiruvchi ko'phadlarni tuzamiz. U holda izlanayotgan
ko phadni quyidagicha yozish mumkin:

H0=33 100)Q =(x) (6)

i=0 j=0

(4) tengliklardan ko'ramizki, Q;=(X) Xg XX

nugtalarda mos ravishda

m

a, +a +...+a, karrali nollarga ega bo’lib, (5) tengliklarga asosan x nugtada u karrali
nolga ega.
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Demak,
Q; () = (X =)™ (X=X)*...(x =% ) (X =1) (X=X )**...(x = %, ) ™ ¢ () (7)
Buyerda g;(x) x=x hugtada nolga aylanmaydigan
n-(a,+..+a,+j+a,+..+a,)=a-j-1
darajali ko phaddir. Quyidagi belgilashni kiritaylik
Qx) = (X=%)*..(x=x,)™ (8)
U holda (7) — (8) dan ushbu

Q0= Q(X)) 6,09 (9)

formulaga ega bo"lamiz. g, (x) ni aniglash uchun (5) shartlarga murojaat gilamiz.

Bulardan Q,(x)ning x nugta atrofidagi Teylor yoyilmasi quyidagi ko'rinishga ega
ekanligi kelib chigadi:

Q; (%) :_il(x—xi)j +(x=x) "+ 4P (x=x)" =
N (10)

QS%£—H+QFKX—&)+N+Qfj%x—mﬁj]

Bu va (9) dan g (x) ko phad uchun quyidagi

0,00 = (,Q()) Gy (x—x)" T+ (11)

ifodaga ega bo lamiz.

Ushbu( %) , rasional funksiya x
i)

x—x ning darajalari bo'yicha Teylor qgatoriga yoyiladi

nuqta atrofida regulyar bo lganligi uchun

. Ikkinchi tomondan g, (x)

darajasi a —j-1 ga teng bo'lgan ko'phad bolganligi uchun u ()J-(l_g;))()j

gatoriga
yoyilmasining darajasi a - j—1 larining yig indisiga tengdir:

_LSTLOX) w0 (g y
qu( ) I kZ(; k[ Q( ) ]x Xi (X Xi) (212)

Aksmcha, q; (x) ning shunday tanlanishi Q, (x) uchun (10) yoyilmani va demak,
(4) - (2.5) shartlarning bajarilishini ta’minlaydi. (12) ni (9) ga qo'yib,

Q) &L (X=X%)" 0
Q;(x)= —( )""J’kz(;k[ o) 190, (x=x)

ni hosil gilamiz va nihoyat, (6) dan
m 1A (.)( )[(X )" ](k) Q(x)

a0 =22 0.0

i 0 J! i3 k! Q(x) ' (x _Xi)ai:j—l( )

Ermit formulasini hosil gilamiz. Bu formulaning xususiy holi sifatida Lagranj
interpolyasion ko phadi hamda ko phad uchun Teylor formulasini chigarish mumkin.
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Hozir Ermit formulasining boshqa bir xususiy holiki ko rib chigaylik. Barcha a lar 2
ga teng bo'lsin, ya’ni shunday n-darajali ko phadni topish kerakki, u
Hoo, = F(X)
Ho, = (%)
shartlarni qanoatlantirsin. Bu shartlarning geometrik ma’nosi quyidagidan iborat:
interpolyasion egri chiziq berilgan y = f (x) egri chiziq bilan interpolyasiya tugunlarida
umumiy urinmalarga ega. U holda (13) quyidagi ko’rinishda bo’ladi:

Q(X) + f(xi)[(x_xi)z]'xz)<i Q(X) + f .(Xi)[(x—xi)2

_ C (X_Xi)2
00 = A IG5 e txmxy Q00 7 () a0

(i=0,1,...m)

Q(x) 3

(X_Xi)2

L
(14)

Odatdagidek
Dpyag (X) = (X = X) (X = X,)...(X = X))
belgilash kiritsak, u holda
: 2 X—%)"  (X=%)
009 =0, 0. S =[]
ga ega bo lamiz.
Oxirgi limitni topish uchun Lopital qoidasini qo’lladik. Bularni hisobga olganda
(14) formula quyidagi ko rinishga ega bo'ladi:
m 2 "
H, (0 = ;wzmj’(;;{;ﬁ et (x»(l—%(x— X))+ fo)x-x)]  (15)
M is o l. Quyidagi shartlarni ganoatlantiradigan beshinchi darajali
H,(x) ko phad topilsin:
Hy(-1) =-1,H;(0) =1L H;@) =1
H(-1)=0,H5(0)=1H"(1)=0
Bu erda
@, = (X+DX(X-1), 0, =3x* -1, @, = 6X.
Endi (15) formuladan
x*(x—1)° 6(-1)
4

[-11- i (x=1]

. (x—=1)%(x+1) - X*(x +1)°

H,(x) = [+ 3(x—1)]:%(—x5 + x4+ 2X)

natija kelib chigadi.
Endi Ermit formulasining goldiq hadini tekshiramiz.
Teorema. Agar f(x)funksiya [a,b]oraligda (n+1)-tartibli uzluksiz hosilaga ega

bo’lsa, u holda Ermit interpolyasion formulasining goldig hadini

_ _ _ n+1 Q(X)
R, (X)=f(x)—H,(x)=f (5)—(n+1)! (16)

ko rinishda ifodalash mumkin. Bu erda & [a,b] oraligga tegishli nugta bo'lib,
umuman x ning funksiyasidir.
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Isbot. x ning interpolyasiya tugunlaridan fargli biror giymatini olib, K = % deb
X

belgilaylik. U holda ushbu

#(2)R,(z) - KQ(z) (17)

funksiya x,nuqtada a, karrali nolga, x nuqtada a karrali va h. k.x_ nugtada a,
karrali nolga ega. Bundan tashgari y x nugtada ham nolga aylanadi. Demak, funksiya
#(z) [a,b] oraligiining m+2 ta x,x,..x, nugtalarida nolga aylanib, bu nollar
karraliklarining yig'indisi ga a, +a,...+a, +1=n+2teng. Demak,[a,b] oraligda kamida
shunday ¢ bitta nuqgta topiladiki,

f"(£)=0 (18)

bo'ladi. Lekin

f(z) = £"(2) - K(n+1)! (19),

chunki H,(z) darajasi n dan ortmaydigan ko phad, demak, H™(z)=0va Q(x)
bosh hadi 1 ga teng bo'lgan (n + 1)-darajali ko phad, uning ( n + 1) -tartibli hosilasi

(n+ 1)! gateng.(18) -(19) dan

K _ fn+l(§) .
(n+1)!
Demak,

B f n+l(é:)
R, (X) _—(n+1)! Q(x) .
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