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ANNOTATSIYA:

Ushbu magola Ehtimollar nazariyasining limit teoremalari deb nomlanuvchi gator
tasdiq va teoremalarni keltiramiz. Ular yetarlicha katta sondagi tajribalarda t.m.lar
orasidagi bog‘lanishni ifodalaydi. Limit teoremalar shartli ravishda ikki guruhga
bo‘linadi. Birinchi guruh teoremalar katta sonlar qonunlari(KSQ) deb nomlanadi. Ular
o‘rta qgiymatning turg‘unligini ifodalaydi: yetarlicha katta sondagi tajribalarda
t.m.larning o‘rta qiymati tasodifiyligini yo‘qotadi. Ikkinchi guruh teoremalar markaziy
limit teoremalar(MLT) deb nomlanadi. Yetarlicha katta sondagi tajribalarda t.m.lar
yig‘indisining tagsimoti normal taqgsimotga intilishi shartini ifodalaydi. KSQ ni
keltirishdan avval yordamchi tengliklarni isbotlaymiz.

Kalit so'z: MLT, KSQ, Chebishev tengsizli, Natija.

LIMIT THEOREMS OF PROBABILITY THEORY. MAIN HOSSA
Annotation:

This article brings a series of affirmations and theorems known as limit theorems
of probability theory. In experiments with sufficiently large numbers, they have
t.m.represents the connection between the S. Limit theorems are conditionally divided
into two groups. The first group of theorems is known as the laws of large
numbers(KSQ). They represent the stagnation of the mean: in experiments with
sufficiently large numbers, t.m.the middle value of the LAR loses its randomness. The
second group of theorems are known as central limit theorems(MLTS). In experiments
with sufficiently large numbers, t.m.the distribution of the sum of the S represents the
condition that it aspires to a normal distribution. We prove the auxiliary equalities
before quoting KSQ.
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ITPEJIEJIbHBIE TEOPEMBI TEOPUU BEPOSITHOCTEMN.
OCHOBHBIE TECCBI

AHHOTaLMA:

B 5T0i1 cTatbe MBI NMPUBOAWM pPsAJ YTBEPKACHUM M TEOPEM, MU3BECTHBIX KaK
npeJiebHbIE TEOPEMBI TEOPUH BeposiTHOCTEH. OHU BCTPEUAIOTCS B IKCIIEPUMEHTAX C
JOCTaTOYHO OOJBIIMM YHUCIOM T.M.IPEACTaBIsICT Cco0OW CBsi3b Mexay lar.
IIpenenbHbIE TEOpEMBbI YCIOBHO AENATCS HAa ABE rpynnbl. IlepBas rpymnma Teopem
Ha3zbIBaeTcs 3akoHamu Oonpimiux yuced(KSQ). Onu mpeactaBisoT coOol 3acToit
CPEIHEro 3HaYEHHSI: B OMBITAX C IOCTATOUHO OOJIBIIKUM YUCIIOM T.M.CpeaHee 3HaUCHHE
larning Tepser cBor  ciiydaliHOCTh. BTopas rpymma  TeopeM  Ha3bIBaeTCs
LHEHTpaJIbHbIMU TIpenenbHbiMu TeopeMaMu(MLT). B skcnepumenTax ¢ 10CTaTOYHO
OOJIBIIIMM YHCIIOM T.M.pacrpeneieHne cyMMmbl lar BbIpaskaeT ycjaoBHE, YTO OHO
CTPEMUTCSI K HOPMaJIbHOMY pacipeneneHuo. Mbl JI0Ka)keM BCIOMOTaTellbHbIE
PaBEHCTBA, Mpexie yeM npouutupoBaTh KSQ.

Kuarwueoe cioBo: MJIT, KC, UeOrbIlieB HEpaBEHCTBO, PE3YJIbTaT.

Chebishev tengsizligi
Teorema(Chebishev). Agar X t.m. DX dispersiyaga ega bo‘lsa, u holda V& >0
uchun quyidagi tengsizlik o‘rinli:

DX
P{|X—MX|25}£?. (5.1.1)
(5.1.1) tengsizlik Chebishev tengsizligi deyiladi.
Isboti. P{|X —a|>¢} ehtimollik X tm.ning [a—¢;a+¢] oraliqga tushmasligi
ehtimolligini bildiradi bu yerda a=MX . U holda

P{|X _a|zg}=ardF(x)+ f dF()= [ dF(x)=

a+e |x—a|>&

(x-a)’

= [ 1dFe< |

|x—a[=e |x—a[>e

dF(x),
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chunki |[x—a|>¢ integrallash sohasini (x—a)® > &* ko‘rinishda yozish mumkin.
2

a
Bu yerdan ( 2 ) >1 ekanligi kelib chigadi. Agar integrallash sohasi kengaytirilsa,

musbat funksiyaning integrali fagat kattalashishini hisobga olsak,
P{|X —a|25}gi2 [ (x-a)drF(x) giz (x—a)?dF (x) =isz m
& P &

‘X—a‘Z&‘ 00

Chebishev tengsizligini quyidagi ko‘rinishda ham yozish mumkin:

DX
P{|X—MX|<5}21—?. (5.1.2)
Chebishev tengsizligi ihtiyoriy t.m.lar uchun o‘rinli. Xususan, X t.m. binomial
qonun bo‘yicha tagsimlangan bo‘lsin, P{X =m}=C p"g" ", m=0,1...,n,
q=1-pe(0,1). Uholda MX =a=np, DX =npqg va (5.1.1) dan

n
P{|m—np|<e}21—%; (5.1.3)
o . .. m : N m)_gp
n ta bog‘ligsiz tajribalarda ehtimolligi P =M (Fj =a, dispersiyasi D (F) Y
.. :
bo‘lgan hodisaning Y chastotasi uchun,

m
P{——p<g}21—q—pz_ (5.1.4)

n ne

X t.m.ni [¢;+0) oraligga tushushi ehtimolligini baholashni Markov tengsizligi

beradi.
Teorema(Markov). Manfiy bo‘lmagan, matematik kutilmasi MX chekli bo‘lgan
X t.m. uchun Ve >0 da

PiX 2o}t (5.L.5)

tengsizlik o‘rinli.
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Isboti. Quyidagi munosabatlar o‘rinlidir:

P{X25}=+j)OdF(x)s+jw§dF(X)=1+_|ZOXO|F(X)=m L
= : € €0

&

(5.1.5) tengsizlikdan (5.1.1) ni osongina keltirib chigarish mumkin.
(5.1.5) tengsizlikni quyidagi ko‘rinishda ham yozish mumkin:

P{X <o}zl 22 (5.1.6)

1.-misol. X diskret t.m.ning tagsimot gonuni berilgan:

X:1 2 3

{Px :0.3 0.2 0.5.
ehtimollikni  baholaymiz. X t.m.ning sonli xarakteristikalarini  hisoblaymiz:
MX =1-0.3+2-0.2+3-05=2.2; DX =1*-0.3+2*-0.2+3%-0.5-2.2° =0.76.

0.76
Chebishev tengsizligiga ko‘ra: P{| X -2.2|< \/0.4} > 1_ﬂ =0.9.

Chebishev tengsizligidan foydalanib, P{|X—MX|<\/O.4}

Katta sonlar gqonuni Chebishev va Bernulli teoremalari
Ehtimollar nazariyasi va uning tadbiqlarida ko‘pincha yetarlicha katta sondagi
t.m.lar yig‘indisi bilan ish ko‘rishga to‘g‘ri keladi. Yig‘indidagi har bir t.m.ning tajriba
natijasida qanday qiymatni gabul qilishini oldindan aytib bo‘lmaydi. Shuning uchun
katta sondagi t.m.lar yig‘indisining tagsimot qonunini hisoblash burmuncha giyinchilik
tug‘diradi. Lekin ma’lum shartlar ostida yetarlicha katta sondagi t.m.lar yig‘indisi
tasodifiylik xarakterini yo‘qotib borar ekan. Amaliyotda juda ko‘p tasodifiy
sabablarning birgalikdagi ta’siri tasodifga deyarli bog‘liq bo‘lmaydigan natijaga olib
keladigan shartlarni bilish juda muhimdir. Bu shartlar “Katta sonlar qonuni” deb
ataluvchi teoremalarda keltiriladi. Bular gatoriga Chebishev va Bernulli teoremalari
kiradi.
v X Xy X,y tm.ar o‘zgarmas son A ga ehtimollik bo‘yicha
yaqginlashadi deyiladi, agar V& >0 uchun

imP{|X -A<eg}=1

N—o0

P
munosabat o‘rinli bo‘lsa. Ehtimollik bo‘yicha yaqginlashish X, — A kabi

belgilanadi.
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v X, Xy, X,y tmular ketma-ketligi mos ravishda MX;, MX,,..MX_,...
matematik kutilmalarga ega bo‘lib, V& >0 son uchun n—oo da

IimP{ <g}:1

munosabat bajarilsa, X;, X,,..X, tm.lar ketma-ketligi katta sonlar goniniga

gl §
H;X‘_H;MX‘

bo‘ysunadi deyiladi.

Teorema(Chebishev). Agar bog‘ligsiz X, X,,...X,... t.m.lar ketma-ketligi
uchun shunday 3C >0 bo‘lib DX; <C,i=12,... tengsizliklar o‘rinli bo‘lsa, u holda
Ve >0 uchun

lim P{

munosabat o‘rinli bo‘ladi.
Ishoti. DX; <C,i1=12,... bo‘lgani uchun

D(liXiJ:%D(ixi)=%iDXi :%(DX1+...+ DXn)Siz(C+...+C)
N n = R n n

LSy LS
i=1

)

< 8}=1 (5.2.1)

1 C
=—Cn= o U holda Chebishev tengsizligiga ko‘ra:

g

Endi n— oo da limitga o‘tsak, MQ P{

<&

2 =+ 2 . (522)

g ne
S L PR
N N

Natija. Agar X, X,,..X,,... bog‘ligsiz va bir xil tagsimlangan t.m.lar va

a2k, o

1 1
H;X‘_H;‘Mx‘

MX; =a, DX; =0 bo‘lsa, u holda V& >0 uchun quyidagi munosabat o‘rinli

lim P{Ein—a
e (INE

<6}=1. (5.2.3)
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Bernulli teoremasi katta sonlar qonuninig sodda shakli hisoblanadi. U nisbiy
chastotaning turg‘unligini asoslaydi.
Teorema(Bernulli). Agar A hodisaning bitta tajribada ro‘y berishi entimolligi p

bo‘lib, n ta bog‘ligsiz tajribada bu hodisa N, marta ro‘y bersa, u holda V& >0 uchun

—=-p
n

m P{ <g}—1 (5.2.4)

munosabat o‘rinli.

Isboti. X, X,,...X, indikator t.m.larni quyidagicha kiritamiz: agar i-tajribada A
hodisa ro‘y bersa, X;=1; agar ro‘y bermasa X; =0. U holda n, ni quyidagi

ko‘rinishda yozish mumkin: N, = Z Xi . X t.m.ning tagsimot qonuni ixtiyoriy i da:
i=1

X,:0 1
{P'l—p 0 bo‘ladi. X; t.m.ning matematik kutilmasi MX,=1-p+0-(1-p)=p ga,

dispersiyasi DX, =(0—p)’(L-p)+(L-p)’p= =p@d-p)=pq. X; t.m.lar bog‘ligsiz va
o , 1 1Y 1
ularning dispersiyalari chegaralangan, PL—p)=p-p ) IO—E SZ- U holda

1 n

Zx ——ZMX

Nz

<6}—1 va —ZX ——A;

n
<8}:1. [}

Markaziy limit teorema
Markaziy limit teorema t.m.lar yig‘indisi taqsimoti va uning limiti — normal
tagsimot orasidagi bog‘lanishni ifodalaydi. Bir xil tagsimlangan t.m.lar uchun
markaziy limit teoremani keltiramiz.

Teorema. X, X,,...X,, bog‘ligsiz, bir xil tagsimlangan, MX; =a chekli

Chebishev teoremasiga asosan: LILTO‘O P{

—-P

—ZMX ——np P bo‘lgani uchun 1M lim P{ o

matematik kutilmava DX; =&?,i=1n dispersiyaga ega bolsin, 0< o <oo u holda

xomEx) Exom

n = (Zn:x j = on t.m.ning tagsimot qonuni n—oo da standart

normal tagsimotga intiladi
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F, 00 =PZ, <—=o®() == [ e dt. (531

1 X
—— e
N2 5,

Demak, (5.3.1) ga ko‘ra yetarlicha katta n larda Z, [ N(0,1), S, =X, +...+ X,
yig‘indi esa quyidagi normal qonun bo‘yicha tagsimlangan bo‘ladi: S, [l N(na, Jno)

. Bu holda Z X; t.m. asimptotik normal tagsimlangan deyiladi.
i=1

Agar X tm. uchun MX =0,DX =1 bo‘lsa X t.m. markazlashtirilgan va
normallashtirilgan(yoki standart) t.m. deyiladi. (5.3.1) formula yordamida yetarlicha

katta n larda t.m.lar yig‘indisi bilan bog‘liq hodisalar ehtimolligini hisoblash mumkin.

S, =>_ X, t.m.ni standartlashtirsak, yetarlicha katta n larda

i=1

n

X;—na
=1

. _Sja-na 4 p-na| _(pf-na) _(a-na
P{“Szxig }_P o/n < an So-\/ﬁ NCDLG\/HJ (D(ow/ﬁj’

P{a<s, Sﬂ}sz[%]—@[%l\gsnj. (5.3.2)

5.2-misol.  X; bog‘ligsiz t.m.lar [0,1] oraligda tekis tagsimlangan bo‘lsa,
100

Y =3 X, t.m.ning tagsimot gonunini toping va P{55 <Y <70} ehtimollikni hisoblang.

i=1
Markaziy limit teorema shartlari bajarilganligi uchun, Y t.m.ning zichlik
1 7(y—M2Y>2
funksiyasi f, (y) = e “”  bo‘ladi. Tekis tagsimot matematik kutilmasi va
\/27Z'O'y

(07 bo‘ladi. U hold
12 12 O ladil. olda

0+1 1
dispersiyasi formulasidan MXi:TZE’ DX,

100 100 1
MY =M (in]:ZMXi =100-> =50,

i=1 i=1
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100 100 543
DY:D( j 1.5 _53

> X :;Dxi=1oo-ﬁ_ : oy ==,

i=1

shuning  uchun,

_ 3(y-50)°
e * | (53.2) formulaga ko‘ra,

f, (y) =

5V6r

P{55<S, <70}~ ® 10750 | 25=20 =®(4\/§)—®(\/§)z0.04.

EaNES
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