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BRUVY QATORI YORDAMIDA BIR JINSLI DIFFERENTSIAL -
FUNKTSIONAL TENGLAMALARNI YECHISH
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Annotatsiya: Maqolada o’zgarmas koeffitsientli tenglamaning yechimini
mavjudligi va yagonaligi, hamda boshlang’ich gqiymat yoki funktsiyaga bog’ligligi
haqidagi tushunchalar to’la ma’noda o’rganilgan. Bruvy qatorlarini o’zgarmas va
o’zgaruvchi koeffitsiyentli, chiziqli, bir jinssiz yoki bir jinsli differentsial-funktsional
tenglamalarning yechimini aniglashdagi tadbiqi bo’lib hisoblanadi.

AHHOTaHI/ISI: B crarbe moJHOCTEBIO HN3Yy4YCHBI TIOHATHA CYHICCTBOBAHUA U
CANMHCTBCHHOCTH PCIICHHA YPaBHCHHUA C IMOCTOAHHBIMH KOS(i)(i)I/ILII/IeHTaMI/I, ada TaK¥XeE
3aBUCUMOCTH OT HAYaJIbHOT'0 3HaYeHust Wi GyHKuuu. Psaael bpyBu paccmaTpuBaroTcs
KaK MPWIOKEHUE JJIi PEIICHUS JIMHEHWHBIX, HEOJHOPOJHBIX WJIM OJHOPOIHBIX
muddepeHImanTbHO-QYHKIIMOHATBHBIX YPAaBHEHUN ¢ TOCTOSHHBIMHU U MEPEMEHHBIMU
KO3 UIIMECHTAMH.

Annotation: In the article, the concepts of the existence and uniqueness of the
solution of the equation with constant coefficients, as well as the dependence on the
initial value or function, are fully studied. Bruvy series is considered as an application
In determining the solution of linear, inhomogeneous or homogeneous differential-
functional equations with constant and variable coefficients.

Kalit so‘zlar: differenatsial-funktsional tenglama, haqigiy sonlar maydoni,
Stiltiyes integrali, matritsali funksiya, chekli ayirmali differentsial.

KiroueBbie ciaoBa: nuddepeHnranibHO-QYHKIIMOHATFHOE YpPaBHEHHE, TII0JIE
NEUCTBUTENBbHBIX uncen, wuHrerpan Cruituca, MaTpula-QyHKIUs, KOHEYHO-
pa3HOCTHBIN nuddepenmman.

Keywords: differential functional equation, field of real numbers, Stilthies
integral, matrix function, finite difference differential.

1. Faraz qilaylik, birinchi tartibli, 0’zgarmas koeffitsiyentli, bir jinsli
y (x)+ay(x-r)=0 (1.1)
differentsial-funktsional (ayirmali) tenglama berilgan bo’lsin, bu yerda a,r lar
ihtiyoriy o’zgarmas sonlar va a=0,r =0.
(1.1) tenglamaning
Y(Xo) =Y (12)
shartni ganoatlantiruvchi yechimini topish talab etilsin.
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(1.1) tenglamaning (1.2) shartni ganoatlantiruvchi yechimini
d,
Y09 = 3. S (x=xp —kr)* (L3)
k=0

ko’rinishda gidiramiz, bu yerda d, —noma’lum koeffitsiyentlar, k =0,12,....
d, - noma’lum koeffitsiyentlarni aniglash uchun, ayrim hisoblashlarni hisobga
olib, (1.3) ni (1.1) ga qo’yamiz. Ya’ni:

y(X) = stk(x X, —kr)<*t =

i% (X=X, —kr)<? =i%[x—xo—(k +Drf
yoki
Y (%) i Llx—x, - (k+Dr]f; (1.3,)
y(x-r):i%[x-xo—(|<+1)r]k (1.3,)

k=0 K:

kelib chigadi. y (x) va y(x—r) larning bu ifodalarini (1.1) ga qo’yib

idﬁl[x X, - (k+1)r]k+a§:%[x—x0—(k+1)r]k
k=0 k=0 -

yoki

id"*ll(;ladk[x— X, — (K +Dr] =
k=0 .

kelib chigadi. Qatorning nolga tengligidan d, koeffitsiyetnlarni aniglash uchun
d,,+ad, =0
ko’rinishdagi rekkurent sistema kelib chigadi. Bu sistema
d, =(-D*a"-d,
yechimga ega, bu yerda k=021.2,..., d, =0 bo’lgan ihtiyoriy o’zgarmas son.
Shunday qilib, (1.1)ning yechimi

0 _1 k Ak
y(x) = dOZ%(x— X, — kr)¥ (1.4)

k=0 -
ko’rinishda yoziladi Bu yechim, (1.2) shartni qanoatlantirishi talab qilinsa, d,
y(x) =—— : Z( 1) (x X, —kr)* (1.5)

Z

ko’rinishda yozﬂadl.
(1.1) ning xarakteristik tenglamasi
A+ae™™ =0 yoki Ze* =-a (1.6)
ko’rinishda yoziladi. (1.5) tenglama kompleks sonlar maydonida cheksiz ko’p
yechimlarga ega. Bu ildizlarning karralilarini ham hisobga olib, ular
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Aor 2 Ay (1.7)
lar bilan belgilansa, (1.1) ning bitta hususiy yechimi
y;(x)=c;e"”" (1.8)

ko’rinishda yoziladi. Agar (1.6) ning (1.7) ko’rinishdagi ildizlari har hil bo’lIsa, u
holda (1.1) ning umumiy yechimi

y(x) =Y cie” (1.9)

ko’rinishda bo’ladi, bu yerda c;,c;,...-ihtiyoriy o’zgarmas sonlar.
Ikkinchi tomondan, (1.6) ni hisobga olsak, (1.5) xususiy yechim

y(x) =d Z(ﬂe )" (X — g —kr)*

ko’rinishda yoziladi yoki (1.6) tenglamaning har bir 2, ildiziga mos keluvchi
(1.1) ning bitta xususiy yechimi

® i]r)

(X)_CJZ

ko’rinishni oladl.
Uchunchidan, e“* ni Bruvy gatorga yoyilmasi

Ajr)

(X — X, —kr)* (1.10)

e =1+ 2, r)z (x—x, —kr)* (1.11)

ko’rinishda olinadi va uning o’ng tomonida turgan qator har bir (1.6)
tenglamaning 4, ildizi uchun yaqinlashuvchi bo’ladi, bu yerda 1+ 4;r = 0.

Demak, (1 10) dan

“)k . )
(x— X, —kr)* _—e " =cle™
1+4;r

y()—

kelib chlqadl yoki (1.1) differentsial tenglamaning Bruvy gatori orgali aniglangan
(1.10) ko’rinishdagi xususiy yechimi, uning xarakteristik ildizi orqali olingan (1.8)
xususiy yechim bilan bir xildir.
(1.1) tenglamaning (1.2) shartni gaoatlantiruvchi yechimini yagona emasligi
(1.9) dan bevosita kelib chigadi. Shuningdek, (1.7) ildizlar orasida karralilari mavjud
bo’lsa, bu holda ham yuqorida keltirilgan tushunchalarni o’rinli ekanligi to’g’ridan-
to’g’ri kelib tasdiglanadi.
2. Faraz gilaylik, n chi tartibli, 0’zgarmas koeffitsiyentli, bir jinsli, chizigli
y®™ () + aln_ly("‘l’ (t-r)+a,,y"?(t-2r)+ (1.12)
+o+ay(t-(n-Yr)+a,yt-nr)=0
differentsial-funktsional (ayirmali) tenglama berilgan bo’lsin, bu yerda
a,,4,,...,a,, va r lar gandaydir hagiqiy sonlar, r 0.

(1.12) tenglamaning
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y(Xo) =Yo» y'(xo) =Y yn_l(xo) =Y (113)
shartlarni ganoatlantiruvchi yechimini topish talab gilinsin.
(1.12) tenglamaning (1.13) shartlarni ganoatlantiruvchi yechimini

y(x) = i%(x— X, — kr)* (1.14)
k=0 ™=
ko’rinishda Bruvy qatori orqali qidiramiz, bu yerda bu yerda d, —noma’lum
koeffitsiyentlar, k=012,.... bu yerda d, —noma’lum koeffitsiyentlarni aniqglash

uchun, (1.14) gatorni yaginlashuvchi qator deb faraz gilamiz va unda ayrim
hisoblashlarni bajaramiz: Yuqoridagi misolda ko’rdikki

Y (=3 % - x, —kr]

k=0

ko’rinishda yoziladi; shunga o’hshash

(= i&kfl[x— o~ (c+Dr] =
s N

_i G2 [y y —(k+2)r]"

yoki
. = d
y () =2

k=0

;:;2 [x—x%, — (k+2)r "

kelib chigadi va hokazo

Yo (0 = 3822 [k x, ~ (k-]
k=0 .

ekanligidan
Y000 =3 %0 [iox, — (ke T
o K!
hosil bo’ladi.
Bu tengliklar va (1.14) dan
y (x—(n=1)r) = iiﬂ[x Xy —(k+n)r],
0 -
y (x—(n- 2)r): ik(+2 [x=x, = (k +n)r]
0 -
va hokazo
yO D (x—r i k+ 8 [x Xy — (K +n)r]<,
k=0
YO (0 =3 L - x, ~ (k+ myr]
oo k!
va
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lar kelib chigadi.

y(x=nr),y (x=(=Dr),...,y" (x=r),y" (x)

larning, yuqorida hisoblab chiqilgan, ifodalarini (1.12) ga qo’yib va ayrim
hisoblashlardan keyin

b, +a,,b.,,+-+ab., +ab

kzz(; k+ 17k+n-1 " 1-k+1 0 k[

tenglikka kelamiz. Bu tenglik o’rinli bo’lishi uchun [x-x,—(k+n)r] oldida
turgan koeffitsiyentlar nolga teng bo’lishi yetarlidir. Demak,

Byon + 80 4B 0+ + 3D +A0D, =0, (1.15)

k=012,...

hosil bo’ladi. Bu esa b, noma’lumlarni aniglovchi, a, =0 bo’lganda, n chi tartibli

y(x—nr) = [x—%, — (k +n)r[f

X=X, —(k+nmr]=0

rekkurent sistemadan iboratdir.
(1.15) rekkurent sistemaning biror xusuisy yechimini
b, =& A (1.16)
ko’rinishda qidiramiz, bu yerda & -ihtiyoriy o’zgarmas va A—noma’lum son va
A#0.

(1.16)ni (1.15) gaqo’yib va A ga nisbatan gruppalab, so’ngra A* oldida turgan
koeffitsiyentni nolga tenglashtirib, quyidagi n-darajali 2 noma’lumga nisbatan
algebraik tenglama hosil bo’ladi:

A+a A+ +ad+a, =0, (1.17)

(1.17) tenglama, algebraning asosiy teoremasiga asosan, kompleks sonlar

maydonida fagat n ta ildizga (karralilarini ham hisobga olganda) ega. U ildizlarni

Y R (1.18)

bilan belgilaylik. Bu holda, (1.18) ildizlarni har xil yoki ular orasida karralilari
bo’lishiga qarab, (1.17) tenglamaning yechimi o’ziga hos ko’rinishga ega bo’ladi.

a) (1.18) ildizlar har hil yoki barcha s =k uchun i, = 4, (s=12,...,n;k =12,...,n)

bo’lsin. Bu holda, (1.18) ning umumiy yechimi

bk :glﬂ'll( +§22'; +---+§nﬂf; (119)
ko’rinishda yoziladi, bu yerda &,,¢,,...,&, —ihtiyoriy 0’zgarmas sonlar.
(1.15) tenglamaga ahamiyat berilsa, b,,b,,b,,...,b,_, —erkin

noma’lum(parametr)lar bo’lib hisoblanadi. Bu erkin noma’lumlar orqali (1.15) ning
(1.19) yechimini yozaylik. Buning uchun, (1.19) dagi k ga 01,2,...,n-1 giymatlarni
ketma-ket beramiz. Ya’ni
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G+Ey+etd, =h,
S+ 64+ + 84, =b1
=b

1151 +/12§2+ + 08, =b, (*)

A+ 2 152
S11Gareeey

bo’ladi. Bu tenglamalar sistemasining noma’lumlar oldida turgan koeffitsiyentlardan
tuzilgan

12716‘% = bn—l

& larga nisbatan n noma’lumli n ta chizigli tenglamalar sistemasi hosil

1 1 ... 1
A A Ay e A
Ayt A
anniglovchi s=k bo’lganda, A =4 (s=12,...,mk=12,...,n) bo’lib, A, 6 #0

bo’ladi va u aniglovchisi deb nomlanadi.
Demak, (*)- Kroneker-Kapelli teoremasiga ko’ra aniq sistemadan iborat va u
yagona yechimga ega yoki Kramer qoidasi asosida, (*) ning yechimlari

Anl An2 Ann
G = An' P G = A,; e Gn = A;
yoziladi, bu yerda
1by1... 1
/11 Ajlb/lm...zn
Api =l o o
A AT boy Afaee AT
chmyH

Bu aniglovchini j-ustun elementlari bo’yicha yoysak

1...1 1...1
Mieoe i A e Ay
IR
k-1 k-1 k-1 k-1
A”“:Hﬂ“ LS AL A by _ZAM,
AT Aa
AT Mg At

ko’rinishda yozish imkoni bo’ladi, bu yerda j=12,...,n, A} ; esa n—1 chi tartibli
aniqlovchi.

A, ; ning ohirgi ifodasini (1.19) ga qo’yib, so’ngra hosil bo’lgan ifodani

n,j
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by,b,,b,,...,b, , larga nisbatan gruppalab quyidagini hosil gilamiz:
A .

b, = A”'lﬂj"+

n-1 n-1 n-1
= 1{2 Ab A +Z A b As 4+ ZASHan zﬁ} =
A s=0 s=0 s=0

3 %[(Aonl,l/l‘l( + A(:1—1,2/1I; +-t AO ﬂk )bo +

n-1,n"*n

A
A ey Bnn g

+ (Aln—l,lﬂ'lf + A1n71,2/1|; L 2 Aln—l,nﬂ’lri )b, +
+oe (Ar:;lllﬂ'll( + Ar:jl,z}“; +e+ AVS )bn—l] =

n-1,n“"*n
S 3 T A s S,
s=0 s=0 s=0
yoKi
bk — %[A(Lkl . bO 4 Alr’ml,(Z A b1 dbcoodl Ar:;ik . bn—l (120)

ko’rinishni oladi, bu yerda
1.1 A1 .1
Ao A A8 Ay A

s-1k __ n
An,s -

AL A AL At
s=12,...,n,k=12,....,n, A5t* =0 bo’lgan n-tartibli aniglovchidan iborat.
(1.20) ni (1.14) ga qo’yib, (1.12) ning aniq ko’rinishdagi xususiy yechimni
topamiz:

y(x) = Zi[ﬁnkl by + A, by A
ko K&

+ AT bn_l](x — X, —kr)*,
bu yerda b,,b;,b,,...,b, , —erkin parametrlar (1.12) tenglamaga qo’yilgan (1.13)

boshlang’ich shartlar asosida bir qiymatli aniglanadi. Hagigatdan ham, x = x, da (1.13)
shartlar o’rinli bo’lsa, u holda (1.21) dan y (x),y (x),...,y" ™ (x) larni aniqlab, so’ngra
ular x=x, da hisoblansa b,,b;,b,,...,b,; nomalumlarga nisbatan n noma’lumli n ta
quyidagi tenglamalar sistemasi

Coiby +Cyol +---+Cy b, =AY,

Ciby +Cb +--+Cy b, =AY,

(1.21)

(1.22)
Coaby +C b +--+C b =AYy
hosil bo’ladi, bu yerda
C o Z [+ kj!—l)r]k Tt
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j :1!2)---,ny S :1,2,...,n.
(1.22) tenglamalar sistemasining asosiy aniglovchisi

Co,l Co,z CO,n
Dn _ C1,1 C1,2 Cl,n
Cn—l,l Cn—l,z e Cn—l,n

ni s=j bo’lganda A =4, (s=12..,n va j=12..,n) bo’lgani uchun D, #0

bo’lishini bevosita tasdiqlash mumkin. Demak, (1.22) aniq sistemadan iborat yoki u
yagona yechimga ega yoki u yechim

D D D,
by =2y =2 by = (1.23)
ko’rinishda yoziladi, bu yerda

Co,l--- CO,s—l A'Yo CO,s+l CO,n
D — C1,1~-- Cl,s—l A'yl Cl,s+1 C1,n s=12, n

Cn—l,l .. 'Cn—l,s—lA' yn—lcn—l,s+l - C

hin
(1.23) n1 (1.21) ga qo’yib talab qilingan yechimni olamiz.
b) Aniglik uchun, 4 s karrali ildizdan iborat bo’lib, A,A.,,...,4, —har xil
ildizlardan iborat bo’lsin. Bu holda, 4, s Kkarrali ildizga (1.17) ning
A(Cy+Ck+Ck* +---+C_k*™)
xususiy yechimi mos kelgani uchun, uning umumiy yechimi
b, =4 (C, +Ck+C,k* +---+C_ k) +C A +C A,
ko’rinishda yoziladi, bu yerda C,C,C,,....C,,C,,...,C,, lar n ta ihtiyoriy
o’zgarmas sonlardan iborat. Bu holda (1.12) ning (1.13) shartlarni ganoatlantiruvchi
yechimini aniglash a) dagi hisoblashlar asosida olib boriladi.
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