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Annotatsiya. Ushbu maqolada boshlang’ich funksiyani topish va aniq integral 

ta’rifini o’quvchilarga soddaroq tushuntirish yo’llari bayon qilingan. Aniqmas 

integralning xossalari va koordinatalar sistemasida egri chiziqlar kesishuvidan hosil 

bo’lgan shakllarning yuzasini topish yo’llari keltirilgan. Kasr tartibli integrallar haqida 

tushuncha va ayrim elementar funksiyalarning kasr tartibli integrlarlarini topish 

yo’llari sodda ravishda bayon qilingan. 

Kalit so’zlar. Boshlang’ich funksiya, funksiya, grafik, chegara, yuza, bo’laklab 

integrallash usuli, kasr tartibli integrallar. 

 

CONCEPTS OF DEFINITE AND INDEFINITE INTEGRALS 
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 Annotation. This article describes ways to find the initial function and explain 

the definition of the definite integral in a simpler way to the students. The properties 

of the indefinite integral and ways to find the surface of the shapes formed by the 

intersection of curves in the coordinate system are given. Concept of integrals of 

fractional order and ways of finding integrals of fractional order of some elementary 

functions are simply described. 

Keywords. Initial integration method, function, graph, boundary, surface, 

fraction, integrals of fractional order. 

 Integral qadimgi Misrda ma’lum bo’lgan. Ammo, zamonaviy shaklda emas. 

O’shandan beri matematiklar ushbu mavzuga oid juda ko’p kitoblar yozdilar. Mazkur 

yo’nalishda asosiy nazariya Nyuton va Leybnits tomonidan yaratilgan. 

 Integrallarni noldan qanday tushunish mumkin?  Ushbu mavzuni tushunish 

uchun matematik analiz fani to’g’risida asosiy bilimlar kerak bo’ladi. Integrallarni 

tushunish uchun limitlar va hosilalar to’g’risidagi tushunchalarni bilish shart. 

 Ta’rif. Agar [𝑎, 𝑏] oraliqda aniqlangan 𝑓(𝑥) funksiya uchun bu oraliqning 

barcha nuqtalarida 𝐹′(𝑥) = 𝑓(𝑥) tеnglik bajarilsa,  𝐹(𝑥) funksiya shu oraliqda 𝑓(𝑥) 

funksiyaga nisbatan bоshlang`ich funksiya dеb ataladi [1]. 

 Ta’rif. Agar 𝐹(𝑥) funksiya biror oraliqda 𝑓(𝑥) funksiyaning boshlang’ich 

funksiyasi bo’lsa, u holda 𝐹(𝑥) + 𝐶 (bu yerda 𝐶 – ixtiyoriy 𝑐𝑜𝑛𝑠𝑡) funksiyalar 
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to’plami shu kesmada 𝑓(𝑥) funksiyaning aniqmas integrali deyiladi va quyidagicha 

belgilanadi: 

∫ 𝑓(𝑥) 𝑑𝑥 = 𝐹(𝑥) + 𝐶 

Aniqmas integralning xossalari: 

1) Aniqmas integralning hosilasi integral ostidagi funksiyaga teng, ya’ni  

(∫ 𝑓(𝑥)  𝑑𝑥)
′

= 𝑓(𝑥); 

2) Aniqmas integralning differensiali integral belgisi ostidagi ifodaga teng, ya’ni  

𝑑 (∫ 𝑓 (𝑥)𝑑𝑥) = 𝑓 (𝑥)𝑑𝑥; 

3) Biror funksiyaning hosilasidan olingan aniqmas integral shu funksiya bilan 

ihtiyoriy o’zgarmasning yig’indisiga teng, ya’ni  

∫  𝐹′(𝑥)𝑑𝑥 = 𝐹(𝑥) + 𝐶;  

4) Biror funksiyaning differentsialidan olingan aniqmas integral shu funksiya 

bilan ihtiyoriy o’zgarmasning yig’indisiga teng, ya’ni 

∫ 𝑑 𝐹(𝑥) =  𝐹(𝑥) + 𝐶; 

5) Chekli sondagi funksiyalarning algerbaik yig’indisidan olingan aniqmas 

integral shu funksiyalarning har biridan olingan aniqmas integrallarning algebraik 

yig’indisiga teng, ya’ni  

∫( 𝑓1(𝑥) + 𝑓2(𝑥) + 𝑓3(𝑥))𝑑𝑥 = ∫ 𝑓1(𝑥) 𝑑𝑥 + ∫ 𝑓2(𝑥) 𝑑𝑥 + ∫ 𝑓3(𝑥) 𝑑𝑥. 

Bu xossaning umumlashmasi bo’lgan quyidagi xossani keltirish mumkin: 

- agar 𝑓1(𝑥), 𝑓2(𝑥), … , 𝑓𝑛(𝑥) funksiyalar  [𝑎, 𝑏] oraliqda integrallansa, unda 

quyidagilar o’rinli  

∫(𝑎1 𝑓1(𝑥) ± 𝑎2𝑓2(𝑥) ± ⋯ ± 𝑎𝑛𝑓𝑛(𝑥))𝑑𝑥 = 

= 𝑎1 ∫ 𝑓1(𝑥)𝑑𝑥 ± 𝑎2 ∫ 𝑓2(𝑥)𝑑𝑥 ± 𝑎𝑛 ∫ 𝑓𝑛(𝑥)𝑑𝑥, 

bunda 𝑎1, 𝑎2, … , 𝑎𝑛 −o’zgarmas sonlar. 

 

Integrallash jadvali 

№ 𝑓(𝑥) ∫ 𝑓(𝑥)𝑑𝑥 

1 1 𝑥 + 𝑐 

2 𝑥𝛼 
𝑥𝛼+1

𝛼 + 1
+ 𝑐, 𝛼 ≠ −1 

3 
1

𝑥
 𝑙𝑛|𝑥| + 𝑐 
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4 𝑎𝑥 
𝑎𝑥

𝑙𝑛𝑎
+ 𝑐 

5 𝑐𝑜𝑠 𝑥 𝑠𝑖𝑛 𝑥 + 𝑐 

6 𝑠𝑖𝑛 𝑥 − 𝑐𝑜𝑠 𝑥 + 𝑐 

7 
1

𝑐𝑜𝑠2 𝑥
 𝑡𝑔𝑥 + 𝑐 

8 
1

𝑠𝑖𝑛2 𝑥
 −𝑐𝑡𝑔𝑥 + 𝑐 

9 
1

𝑠𝑖𝑛 𝑥
 𝑙𝑛 |𝑡𝑔

𝑥

2
| + 𝑐 

10 
1

𝑐𝑜𝑠 𝑥
 𝑙𝑛 |𝑡𝑔 (

𝑥

2
+

𝜋

4
)| + 𝑐 

11 
1

𝑎2 + 𝑥2
 {

1

𝑎
𝑎𝑟𝑐𝑡𝑔

𝑥

𝑎
+ 𝑐

−
1

𝑎
𝑎𝑟𝑐𝑡𝑔

𝑥

𝑎
+ 𝑐

 

12 
1

𝑥2 − 𝑎2
 

1

2𝑎
𝑙𝑛 |

𝑥 − 𝑎

𝑥 + 𝑎
| + 𝑐 

13 
1

𝑎2 − 𝑥2
 

1

2𝑎
𝑙𝑛 |

𝑎 + 𝑥

𝑎 − 𝑥
| + 𝑐 

14 
1

√𝑎2 − 𝑥2
 {

𝑎𝑟𝑐𝑠𝑖𝑛
𝑥

𝑎
+ 𝑐

−𝑎𝑟𝑐𝑐𝑜𝑠
𝑥

𝑎
+ 𝑐

 

15 
1

√𝑥2 ± 𝑎2
 𝑙𝑛 |𝑥 + √𝑥2 ± 𝑎2| + 𝑐 

16 𝑠ℎ𝑥 𝑐ℎ𝑥 + 𝑐 

17 𝑐ℎ𝑥 𝑠ℎ𝑥 + 𝑐 

18 
1

𝑐ℎ2𝑥
 𝑡ℎ𝑥 + 𝑐 

19 
1

𝑠ℎ2𝑥
 −𝑐𝑡ℎ𝑥 + 𝑐 

 

Aniq integral 

Integral bilan ishlashda biz cheksiz kichik miqdorlarga ham duch kelamiz. 

Integral shaklning yuzasini, jism massasini, notekis harakat bilan bosib o’tilgan yo’lni 

va boshqa ko’p narsalarni hisoblashga yordam beradi. Shuni esda tutish kerakki, 

integral juda ko’p cheksiz kichik sonlar yig’indisidir. 
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Funksiya grafigi bilan chegaralangan shaklning yuzasini qanday topish mumkin?  

Koordinata o’qlari va funksiya grafigi bilan chegaralangan egri chiziqli 

trapetsiyani cheksiz kichik qismlarga ajratamiz. Shunday qilib, berilgan shakl 

ingichka, kichik shakllarga bo’linadi. Shakllar yuzalarining yig’indisi trapetsiyaning 

yuzasini tashkil qiladi. Ammo esda tutish lozimki, bunday hisoblash taxminiy natija 

beradi. Biroq, bo’laklar qanchalik kichik bo’lsa, hisoblash shunchalik aniq bo’ladi.  Bu 

esa quyidagicha yoziladigan aniq integral: 

∫ 𝑓(𝑥)

𝑏

𝑎

𝑑𝑥, 

bu yerda 𝑎 va 𝑏 chegaralar. 

 Aniq integralni hisoblashda quyidagi Nyuton – Leybnits formulasidan 

foydalanamiz: 

∫ 𝑓(𝑥)

𝑏

𝑎

𝑑𝑥 = 𝐹(𝑏) − 𝐹(𝑎) 

Aniq integral xossalari: 

1. ∫ 𝑘𝑓(𝑥)
𝑏

𝑎

𝑑𝑥 = 𝑘 ∫ 𝑓(𝑥)
𝑏

𝑎

𝑑𝑥 

2. ∫ 𝑓(𝑥)
𝑏

𝑎

𝑑𝑥 = − ∫ 𝑓(𝑥)
𝑎

𝑏

𝑑𝑥 

3. ∫ 𝑓(𝑥)
𝑏

𝑎

𝑑𝑥 = ∫ 𝑓(𝑥)
𝑐

𝑎

𝑑𝑥 + ∫ 𝑓(𝑥)
𝑏

𝑐

𝑑𝑥, 

bu yerda 𝑎 ≤ 𝑐 ≤ 𝑏. 

 Maqolada bo’laklab integrallash usuli va kasr funksiyalarni integrallash 

usullarini keltiramiz va ular yordamida misollarni yechib ko’rsatamiz. 

 Bo’laklab integrallash usuli. Ikki 𝑈 = 𝑈(𝑥) va 𝑉 = 𝑉(𝑥) funksiyalar (a, b) 

oraliqda uzluksiz 𝑈′(𝑥) va 𝑉′(𝑥) hosilalarga ega bo’lsin, 
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𝑑[𝑈(𝑥) ∙ 𝑉(𝑥)] = 𝑈(𝑥)𝑑𝑉(𝑥) + 𝑉(𝑥) ∙ 𝑑𝑈(𝑥). 

Bu tenglikdan 

𝑈(𝑥)𝑑𝑉(𝑥) = 𝑑[𝑈(𝑥) ∙ 𝑉(𝑥)] − 𝑉(𝑥) ∙ 𝑑𝑈(𝑥).          (1) 

Endi (1) tenglikni integrallab topamiz: 

∫ 𝑈(𝑥)𝑑𝑉(𝑥) 𝑑𝑥 = ∫(𝑑[𝑈(𝑥) ∙ 𝑉(𝑥)] − 𝑉(𝑥) ∙ 𝑑𝑈(𝑥)) 𝑑𝑥 = 

= 𝑈(𝑥) ∙ 𝑉(𝑥) − ∫ 𝑉(𝑥)𝑑𝑈(𝑥) 𝑑𝑥. 

Shunday qilib quyidagi 

∫ 𝑈 (𝑥)𝑑𝑉(𝑥) = 𝑈(𝑥)𝑉(𝑥) − ∫ 𝑉(𝑥) 𝑑𝑈(𝑥)   (2) 

formulaga kelamiz. Bu (2) formula bo’laklab integrallash formulasi deyiladi. 

Kasr funksiyalarni integrallash.Har qanday ratsional funksiyani ratsional kasr 

ko’rinishida, ya’ni ikki ko’phadning nisbati ko’rinishida tasvirlash mumkin: 
𝐴

(𝑥 − 𝑎)𝑘
                       (𝑘 − 𝑏𝑢𝑡𝑢𝑛 𝑚𝑢𝑠𝑏𝑎𝑡 𝑠𝑜𝑛 𝑘 ≥ 2) 

𝑄(𝑥)

𝑓(𝑥)
=

𝐵0𝑥𝑚 + 𝐵1𝑥𝑚−1 + ⋯ + 𝐵𝑚

𝐴0𝑥𝑛 + 𝐴1𝑥𝑛−1 + ⋯ + 𝐴𝑛
 

Muhokamaning umumiyligini cheklamasdan, bu ko’phadlar umumiy ildizga ega 

emas deb faraz qilamiz. Agar sur’atinng darajasi mahrajning darajasidan past bo’lsa, 

kasr to’gri kasr deb ataladi, aks holda noto’g’ri kasr deb ataladi. 

Agar kasr no’to’g’ri bo’lsa, sur’atni maxrajga (ko’phadni ko’phadga bo’lish 

qoidasi boyicha) bo’lib, berilgan kasrni ko’phad bilan biror to’g’ri kasrning yig’indisi 

ko’rinishida tasvirlash mumkin: 

𝑄(𝑥)

𝑓(𝑥)
= M(x) +

𝐹(𝑥)

𝑓(𝑥)
 

bu yerda M(x) - ko’phad, 
𝐹(𝑥)

𝑓(𝑥)
-to’g’ri kasr. 

1-misol. Noto’g’ri ratsional kasr berilgan bo’lsin: 

𝑥4 − 3

𝑥2 + 2𝑥 + 1
 

Sur’atni maxrajiga (ko’phadlarni bo’lish qoidasi boyicha) bo’lib, shuni hosil 

qilamiz: 

𝑥4 − 3

𝑥2 + 2𝑥 + 1
= 𝑥2 + 2𝑥 + 3 −

4𝑥 − 6

𝑥2 + 2𝑥 + 1
 

Ko’phadlarni integrallash hech qanday qiyinchilik tug’dirmagani uchun, ratsional 

kasrlarni integrallashdagi asosiy qiyinchilik to’g’ri ratsional kasrlarni integrallashdan 

iboratdir: 

Oddiy kasr kasrlarni integrallash quyidagi ko’rinishda amalga oshiriladi: 
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1) ∫
𝐴 𝑑𝑥

𝑥 − 𝑎
= 𝐴𝑙𝑛|𝑥 − 𝑎| + 𝐶; 

2) ∫
𝐴 𝑑𝑥

(𝑥 − 𝑎)𝑛
= −

𝐴

(𝑛 − 1)(𝑥 − 𝑎)
+ 𝐶,       𝑛 ≠ 1; 

3) ∫
𝑀𝑥 + 𝑁 𝑑𝑥

𝑥2 + 𝑝𝑥 + 𝑞
=

𝑀

2
∫

2𝑥 + 𝑝 

𝑥2 + 𝑝𝑥 + 𝑞
𝑑𝑥 + (𝑁 −

𝑀𝑝

2
) ∫

𝑑𝑥

𝑥2 + 𝑝𝑥 + 𝑞
= 

=
𝑀

2
ln(𝑥2 + 𝑝𝑥 + 𝑞) + (𝑁 −

𝑀𝑝

2
) ∫

𝑑𝑥

(𝑥 + 𝑝 2⁄ )2 + 𝑞 − 𝑝2 4⁄
= 

=
𝑀

2
ln(𝑥2 + 𝑝𝑥 + 𝑞) +

𝑁 − 𝑀 𝑝 2⁄

√𝑞 − 𝑝2 4⁄
𝑎𝑟𝑐𝑡𝑔

𝑥 + 𝑝 2⁄

√𝑞 − 𝑝2 4⁄
+ 𝐶; 

4) ∫
𝑀𝑥 + 𝑁 𝑑𝑥

(𝑥2 + 𝑝𝑥 + 𝑞)𝑛
=

𝑀

2
∫

2𝑥 + 𝑝 

(𝑥2 + 𝑝𝑥 + 𝑞)𝑛
𝑑𝑥 + (𝑁 −

𝑀𝑝

2
) ∫

𝑑𝑥

(𝑥2 + 𝑝𝑥 + 𝑞)𝑛
 

=
𝑀

2

(𝑥2 + 𝑝𝑥 + 𝑞)1−𝑛

1 − 𝑛
+ (𝑁 −

𝑀𝑝

2
) ∫

𝑑𝑥

((𝑥 + 𝑝 2⁄ )2 + 𝑞 − 𝑝2 4⁄ )𝑛
, 𝑛 > 1 

1-4 formulalardan, kasr funksiyalar integrali ratsional funksiyalar, logarifm, arctg 

orqali ifodalanishi kelib chiqadi. Demak, shu turdagi ratsional funksiyalar yuqorida 

keltirilgani kabi integrallanadi.  

Shuning uchun, ratsional funksiyaning aniqlash sohasiga tegishli bo’lgan har 

qanday oraliqdagi aniqmas integrali ratsional funksiyalar, logarifmlar va arctg 

funksiyalarning kompozitsiyalarini algebraik yig’indisi sifatida ifodalanadigan 

elementar funksiyalardir. 

2-misol. Noaniq integralni hisoblang: 

∫
𝑑𝑥

√(2 + 𝑥)(2 − 𝑥)53
 

Yechish. 

Elementar almashtirishdan foydalanib, quyidagi ko’rinishga keltiramiz: 

∫ √
2 − 𝑥

2 + 𝑥

3

 
𝑑𝑥

(2 − 𝑥)2
. 

Integral ostidagi funksiya o’zgaruvchilarga nisbatdan ratsionaldir. 

𝑥1 = 𝑥, 𝑥2 = (
2 − 𝑥

2 + 𝑥
)1/3 

Bu yerda 𝑛 = 1, 𝑝1 =
1

3
, 𝑎 = −1, 𝑏 = 2, 𝑐 = 1, 𝑑 = 2. 

2 − 𝑥

2 + 𝑥
= 𝑡3, 

Quyidagicha almashtiramiz 

𝑥 = 2
1 − 𝑡3

1 + 𝑡3
, 𝑑𝑥 = −12

𝑡2𝑑𝑡

(1 + 𝑡3)2
,   

1

2 − 𝑥
=

1 + 𝑡3

4𝑡3
. 

Demak, 
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∫
𝑑𝑥

√(2 + 𝑥)(2 − 𝑥)53
= ∫ √

2 − 𝑥

2 + 𝑥

3

 
𝑑𝑥

(2 − 𝑥)2
= −12 ∫

(𝑡3 + 1)2𝑡3𝑑𝑡

16𝑡6(1 + 𝑡3)2
= −

3

4 ∫
𝑑𝑡
𝑡3

 

=
3

8
√(

2 + 𝑥

2 − 𝑥
)

23

+ 𝐶. 

3-misol. Quyidagi aniq integralni hisoblang: 

∫ 𝑥3𝑠𝑖𝑛𝑥 𝑑𝑥

𝜋

0

 

Yechish. 

Funksiyaning integralini hisoblash uchun bo’laklab integrallash usulidan 

foydalanamiz. 

𝑈 = 𝑥3, 𝑑𝑈 = 3𝑥2 𝑑𝑥, 

𝑑𝑉 = 𝑠𝑖𝑛𝑥 𝑑𝑥, 𝑉 = −𝑐𝑜𝑠𝑥, 

bu yerda 

−𝑥3𝑐𝑜𝑠𝑥 − ∫(− 𝑐𝑜𝑠𝑥)3𝑥2𝑑𝑥 = −𝑥3𝑐𝑜𝑠𝑥 + 3 ∫ 𝑥2𝑐𝑜𝑠𝑥 𝑑𝑥 

Integralni hisoblash uchun yana bo’laklab integrallash usulidan foydalanamiz. 

𝑈 = 𝑥2, 𝑑𝑈 = 2𝑥 𝑑𝑥 

𝑑𝑉 = 𝑐𝑜𝑠𝑥 𝑑𝑥, 𝑉 = 𝑠𝑖𝑛𝑥 

bundan 

−𝑥3𝑐𝑜𝑠𝑥 + 3 (𝑥2𝑠𝑖𝑛𝑥 − ∫ 2𝑥𝑠𝑖𝑛𝑥 𝑑𝑥) = −𝑥3𝑐𝑜𝑠𝑥 + 3(𝑥2𝑠𝑖𝑛𝑥 − 

−2 ∫ 𝑥𝑠𝑖𝑛𝑥 𝑑𝑥). 

Integralni hisoblash uchun yana bo’laklab integrallash usulidan foydalanamiz. 

𝑈 = 𝑥,              𝑑𝑈 = 𝑑𝑥 

𝑑𝑉 = 𝑠𝑖𝑛𝑥 𝑑𝑥, 𝑉 = −𝑐𝑜𝑠𝑥 

−𝑥3𝑐𝑜𝑠𝑥 + 3(𝑥2𝑠𝑖𝑛𝑥 − 2 (𝑥(−𝑐𝑜𝑠𝑥) − ∫ −𝑐𝑜𝑠𝑥  𝑑𝑥) = −𝑥3𝑐𝑜𝑠𝑥 + 

+3(𝑥2𝑠𝑖𝑛𝑥 − 2 (𝑥(−𝑐𝑜𝑠𝑥) + ∫ 𝑐𝑜𝑠𝑥  𝑑𝑥) = −𝑥3𝑐𝑜𝑠𝑥 + 3(𝑥2𝑠𝑖𝑛𝑥 − 

−2(𝑥(−𝑐𝑜𝑠𝑥) + sin(𝑥)) = −𝑥3𝑐𝑜𝑠𝑥 + 3𝑥2𝑠𝑖𝑛𝑥 + +6𝑥𝑐𝑜𝑠𝑥 − 6𝑠𝑖𝑛𝑥. 

Topilgan boshlang’ich funksiyaning oraliqdagi qiymatini hisoblaymiz. 

−𝜋3𝑐𝑜𝑠𝜋 + 3𝜋2𝑠𝑖𝑛𝜋 + 6𝜋𝑐𝑜𝑠𝜋 − 6𝑠𝑖𝑛𝜋 − 

−(0𝑐𝑜𝑠0 + 3 × 0𝑠𝑖𝑛0 + 6 × 0𝑐𝑜𝑠0 − 6𝑠𝑖𝑛0) = 𝜋3 − 6𝜋. 
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4-misol.  

∫
2𝑥2 + 41𝑥 − 91

(𝑥 − 1)(𝑥 + 3)(𝑥 − 4)
𝑑𝑥 

integralni hisoblang. 

Yechish. 

Berilgan integralni hisoblash uchun integral ostidagi kasrni turli maxrajli kasrlar 

yig’indisi ko’rinishiga keltiramiz. 

2𝑥2 + 41𝑥 − 91

(𝑥 − 1)(𝑥 + 3)(𝑥 − 4)
=

𝐴

(𝑥 − 1)
+

𝐵

(𝑥 + 3)
+

𝐶

(𝑥 − 4)
 

𝐴(𝑥 + 3)(𝑥 − 4)

(𝑥 − 1)(𝑥 + 3)(𝑥 − 4)
+

𝐵(𝑥 − 1)(𝑥 − 4)

(𝑥 − 1)(𝑥 + 3)(𝑥 − 4)
+

𝐶(𝑥 − 1)(𝑥 + 3)

(𝑥 − 1)(𝑥 + 3)(𝑥 − 4)
= 

=
𝐴(𝑥2 − 𝑥 − 12)

(𝑥 − 1)(𝑥 + 3)(𝑥 − 4)
+

𝐵(𝑥2 − 5𝑥 + 4)

(𝑥 − 1)(𝑥 + 3)(𝑥 − 4)
+

𝐶(𝑥2 + 2𝑥 − 3)

(𝑥 − 1)(𝑥 + 3)(𝑥 − 4)
= 

=
(𝐴 + 𝐵 + 𝐶)𝑥2 + (−𝐴 − 5𝐵 + 2𝐶)𝑥 + (−12𝐴 + 4𝐵 − 3𝐶)

(𝑥 − 1)(𝑥 + 3)(𝑥 − 4)
. 

Ratsional kasrlar tengligi xossasiga ko’ra 

2𝑥2 + 41𝑥 − 91 = (𝐴 + 𝐵 + 𝐶)𝑥2 + (−𝐴 − 5𝐵 + 2𝐶)𝑥 + (−12𝐴 + 4𝐵 − 3𝐶). 

𝑥 ning bir xil darajalari oldidagi koeffitsientlari tengligidan kelib chiqib, 

{
𝐴 + 𝐵 + 𝐶 = 2

−𝐴 − 5𝐵 + 2𝐶 = 41
−12𝐴 + 4𝐵 − 3𝐶 = −91.

 

Bu yerda 𝐴 = 4, 𝐵 = −7, 𝐶 = 5 

∫(
4

(𝑥 − 1)
+

−7

(𝑥 + 3)
+

5

(𝑥 − 4)
) 𝑑𝑥 = 4 ln|𝑥 − 1| − 7 ln|𝑥 + 3| + 5ln |𝑥 − 4| 

5-misol. Quyidagi aniq integralni hisoblang: 

∫ (
1

−1

𝑥3 − 2𝑥2 + 𝑥 − 1)𝑑𝑥 

Yechish. 

=
𝑥4

4
−

2𝑥3

3
+

𝑥2

2
− 𝑥  /−1

1 =  

=
1

4
−

2

3
+

1

2
− 1 −

1

4
−

2

3
−

1

2
+ 1 = −

4

3
= −1

1

3
 

6-misol. Quyidagi aniq integralni hisoblang: 

∫ 𝑥2
2

1

ln 𝑥𝑑𝑥. 

Yechish. 

Biz quyidagi misolni hisoblashda bo’laklab integrallash usulidan foydalanamiz. 

∫ 𝑈 𝑑𝑉 = 𝑈𝑉 − ∫ 𝑉 𝑑𝑈 
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Bu yerda 

𝑈 = 𝑙𝑛𝑥,    𝑑𝑈 =
1

𝑥
𝑑𝑥 

𝑑𝑉 = 𝑥2𝑑𝑥,   𝑉 =
𝑥3

3
  

∫ 𝑥2
2

1

ln 𝑥𝑑𝑥 =
𝑥3

3
𝑙𝑛𝑥/1

2− ∫
𝑥3

3

2

1

.
1

𝑥
𝑑𝑥 =

8

3
𝑙𝑛2 −

1

3
𝑙𝑛1 − ∫

𝑥2

3

2

1

𝑑𝑥 = 

=
8

3
𝑙𝑛2 −

𝑥3

9
/1

2=
8

3
𝑙𝑛2 −

8

9
+

1

9
=

8

3
𝑙𝑛2 −

7

9
 

7-misol. Quyidagi aniq integrallarni hisoblang. 

1) ∫
𝑥2𝑑𝑥

1 + 𝑥6

1

0

 

Yechish. 

Berilgan aniq integralni hisoblash uchun avval aniqlanmagan integralni hisoblay-

miz. Bu yerda 𝑡 = 𝑥3 

∫
1

3(1 + 𝑡2)
𝑑𝑡 =

1

3
∫

𝑑𝑡

1 + 𝑡2
=

1

3
𝑎𝑟𝑐𝑡𝑔(𝑡) 

Endi 𝑡 ni o’rniga 𝑥3 ni keltirib qo’yamiz va berilgan oraliqlardagi qiymatini 

hisoblaymiz. 

 
1

3
𝑎𝑟𝑐𝑡𝑔(𝑥3)|0

1 =
1

3
(𝑎𝑟𝑐𝑡𝑔(1) − 𝑎𝑟𝑐𝑡𝑔(0)) =

1

3
(

𝜋

4
− 0) =

𝜋

12
 

2) ∫
𝑥2 + 3

𝑥 − 2
𝑑𝑥

4

3

 

Yechish. 

Berilgan aniq integralni hisoblash uchun avval aniqlanmagan integralni 

hisoblaymiz. Buning uchun kasrni oddiy kasrlar yig’indisi shakliga keltiramiz. 

∫
𝑥2 + 3

𝑥 − 2
𝑑𝑥 = ∫(𝑥 + 2 +

7

𝑥 − 2
)𝑑𝑥 = ∫ 𝑥 𝑑𝑥 + ∫ 2 𝑑𝑥 + ∫

7

𝑥 − 2
𝑑𝑥 

=
𝑥2

2
+ 2𝑥 + 7ln (|𝑥 − 2|) 

Topilgan boshlang’ich funksiyaning oraliqdagi qiymatini hisoblaymiz. 

 (
𝑥2

2
+ 2𝑥 + 7 ln(|𝑥 − 2|)) |3

4 = (
42

2
+ 8 + 7 ln(|4 − 2|)) − (

32

2
+ 6 +

7 ln(|3 − 2|)) =
11

2
7𝑙𝑛2. 

Kаsr tаrtibli intеgrаl hаqidа tushunchа 

Kаsr tаrtibli intеgrаllаr yоrdаmidа mаtеmаtik аnаliz qilish uch аsrdаn kо‘prоq 

tаrixgа еgаdir. Butun XIX аsr vа XX аsrning birinchi yаrmi mаtеmаtik аnаlizning 

mustаqil bо‘limi sifаtidа nаtijаlаrni tо‘plаsh vа kаsr hisоbini shаkllаntirish dаvrigа 

аylаngаn. Bundа mаtеmаtiklаr vа fiziklаrning ilmiy ishlаrining nаshrlаri pаydо 

bо‘lgаn. Ulаr, Lаplаs, Furyе, Riеmаnn, Аbеl, Lyuvil, Grunvаld, Xivisаyd, Kuryаnt vа 
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bоshqаlаrning ilmiy аsаrlаridir. Mаshhur rus mаtеmаtik оlimi А.V. Lеtnikоv kаsr 

tаrtibli mаtеmаtik аnаlizining rivоjlаntirishgа kаttа hissа qо‘shgаn. 1868-1872- 

yillаrdа А.V. Lеtnikоvning kаsr tаrtibli hisоblаsh bо‘yichа birinchi ilmiy mаqоlаlаri 

chiqqаn [2]. 

Оlimlаrning kаsr tаrtibli hisоblаshgа bо‘lgаn qiziqishlаrining yаngi tо‘lqini 1974-

yildа «Kаsr tаrtibli hisоblаsh» (K.B. Оldhаm, J. Spаniеr) kitоbi nаshr еtilgаndаn sо‘ng 

pаydо bо‘lgаn. Ushbu kitоbdа kаsr tаrtibli hisоblаsh nаzаriyаsi tizimli rаvishdа 

kеltirilgаn. Shu vаqtdаn bоshlаb turli xil jurnаllаrning tеmаtik sоhаlаri pаydо bо‘lа 

bоshlаgаn, ulаr ilm-fаn, tеxnikа, tаbiаtshunоslikning turli sоhаlаridа kаsr tаrtibli 

hisоblаshni qо‘llаshgа bаg’ishlаngаn. 

Hоzirgi vаqtdа kаsr tаrtibli hisоblаsh nаzаriy jihаtdаn hаm, аmаliy jihаtidа hаm 

tеz rivоjlаnish bоsqichidаdir. Mаtеmаtik аnаlizning bu bо‘limi hаr xil (аn’аnаviy vа 

frаktаl) muhitdаgi murаkkаb dinаmik jаrаyоnlаrni mаtеmаtik mоdеllаshtirish 

vоsitаsigа аylаngаn, bu аnаliz, sintеz, diаgnоstikа vа yаngi bоshqаruv tizimlаrini 

yаrаtishning turli muаmmоlаrini hаl qilishgа imkоn yаrаtib bеrаdi. 

 Kаsr tаrtibli intеgrаllаrni о‘rgаnishdа 𝐿1(Ω) sinfi muhim rоl о‘ynаydi.  

 Ω =  [𝑎, 𝑏 ] bо‘lsin, bu еrdа −∞ ≤ 𝑎 ≤ 𝑏 ≤ ∞, ya’ni Ω chеgаrаlаngаn kеsmа, 

yаrim о‘q yоki butun о‘q bо‘lishi mumkin. Аgаr yаrim vа butun о‘qlаr bо‘lsа, 

оdаtdаgidеk, biz 𝑅1 = [−∞, ∞), 𝑅+
1 = [0, ∞) vа R1 bilаn bittа chеksiz tо‘g'ri chiziq 

bеlgilаnadi. Kelgusida Gyоldеrning sinflаrini chеgаrаlаngаn kеsmаdа qаrаymаiz. 

 𝛺 dа аniqlаngаn 𝑓(𝑥) funksiyа berilgan bo’lsin. 𝐿1(𝑎, 𝑏 ) bilan [𝑎, 𝑏 ] di 

inegrallanuvchi va  

∫|𝑓(𝑥)|𝑑𝑥

𝑏

𝑎

< ∞ 

shartni qanoatlantiruvchi funksiyalar sinfi belgilanadi. 

Tа’rif. 𝑓(𝑥) ∈ 𝐿1(𝑎, 𝑏 ) bo’lsin.  

𝐼𝑥
𝛼𝑓(𝑥) ≝

1

Γ(𝛼)
∫

𝑓(𝑡)𝑑𝑡

(𝑥 − 𝑡)1−𝛼

𝑥

𝑎

, 𝑥 > 𝑎, 

bu yerda 𝛼 > 0, 𝛼 tartibli kаsr intеgrаl deyiladi. 

          7-misоl. 𝑓(𝑥) = 𝑐 = 𝑐𝑜𝑛𝑠𝑡 ni α tartibli kаsr intеgrаlini toping. 

 Yechish. 

𝐼0
𝛼𝑓(𝑥) =

1

Г(𝛼)
∫

𝑓(𝑡)

(𝑥 − 𝑡)1−𝛼
𝑑𝑡 =

𝑥

0

[𝑡 = 𝑥𝑧, 𝑑𝑡 = 𝑥𝑑𝑧, 𝑥 − 𝑡 = 𝑥 − 𝑥𝑧 

 = 𝑥(1 − 𝑧)] =
1

Г(𝛼)
∫

𝑐 𝑥 𝑑𝑧

(𝑥 − 𝑥𝑧)1−𝛼
𝑑𝑡

𝑥

0

=  
𝑐

Г(𝛼)
∫

 𝑥 𝑑𝑧

𝑥1−𝛼(1 − 𝑧)1−𝛼
𝑑𝑡

𝑥

0

= 
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=
𝑐

Г(𝛼)
∫ 𝑥𝛼

𝑥

0

𝑧0(1 − 𝑧)1−𝛼 =
𝑐𝑥𝛼

Г(𝛼)
 𝐵(1, 𝛼) = [ 𝐵(𝑎, 𝑏) =

Г(𝑎)Г(𝑏)

Г(𝑎 + 𝑏)
, 

   Г(2) = 1,   Г(1) = 1] =
𝑐𝑥𝛼

Г(𝛼)

Г(𝑎)Г(1)

Г(𝑎 + 1)
=

𝑐𝑥𝛼

Г(𝑎 + 1)
+ 𝐶, 

bu yеrdа 

𝐵(𝑎, 𝑏) = ∫ 𝑥𝑎−1(1 − 𝑥)𝑏−1𝑑𝑥.

1

0

 

 8-misоl. 𝑓(𝑥) = 𝑥−1  ni α − tartibli kаsr intеgrаlini toping. 

𝐼0
𝛼𝑓(𝑥) =

1

Г(𝛼)
∫

𝑓(𝑡)

(𝑥 − 𝑡)1−𝛼
𝑑𝑡.

𝑥

0

 

 Yechish. Bizning hоldа 𝑓(𝑡) =  𝑡−1. Demak  

1

Г(𝛼)
∫

𝑓(𝑡)

(𝑥 − 𝑡)1−𝛼
𝑑𝑡

𝑥

0

=   
1

Г(𝛼)
∫

𝑡−1

(𝑥 − 𝑡)1−𝛼
𝑑𝑡 =

𝑥

0

 

=
1

Г(𝛼)
  [𝑡 = 𝑥𝑧, 𝑑𝑡 = 𝑥𝑑𝑧] = 

=
1

Г(𝛼)
 ∫

𝑥−1𝑧−1𝑥 𝑑𝑧

𝑥1−𝛼(1 − 𝑧)1−𝛼

𝑥

0

=
1

Г(𝛼)
 𝑥𝛼−1 ∫ 𝑧−1(1 − 𝑧)1−𝛼𝑑𝑧 =

𝑥

0

  

=
1

Г(𝛼)
 𝑥𝛼−1𝐵(0, 𝛼) + 𝐶 =  

𝑥𝛼−1

Г(𝛼)

Г(0)Г(𝛼)

Г(𝛼)
+ 𝐶 =

𝑥𝛼−1

Г(𝛼)
+ 𝐶. 

 

Maqoladan asosiy ko‘zlangan maqsad noaniq, aniq va kasr tartibli integrallarni 

talabalarga soddaroq tushuntirish hisoblanadi. Muallif tomonidan shu yo‘nalishda [3-

5] maqolalar nashr qilingan. 
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